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We are interested in the energy of the skew-adjacency matrix of a
directed graphD, which is simply called the skewenergy ofD in this
paper. Properties of the skew energy of D are studied. In particular,
a sharp upper bound for the skew energy of D is derived in terms of
theorderofD and themaximumdegreeof its underlyingundirected
graph. An inﬁnite family of digraphs attaining the maximum skew
energy is constructed. Moreover, the skew energy of a directed tree
is independent of its orientation, and interestingly it is equal to the
energy of the underlying undirected tree. Skew energies of directed
cycles under different orientations are also computed. Some open
problems are presented.
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1. Introduction
LetD be a digraph of order nwith vertex setV(D) = {v1, . . . , vn}, and arc setΓ (D) ⊂ V(D) × V(D).
Throughout this paper, we assume that D does not have loops and multiple arcs, i.e., (vi, vi) /∈ Γ (D)
for all i, and (vi, vj) ∈ Γ (D) implies that (vj, vi) /∈ Γ (D). Hence the underlying undirected graph GD
of D is a simple graph. The skew-adjacency matrix of D is the n × n matrix S(D) = [sij], where sij = 1
whenever (vi, vj) ∈ Γ (D), sij = −1 whenever (vj, vi) ∈ Γ (D), and sij = 0 otherwise. Because of the
assumptions on D, S(D) is indeed a skew-symmetric matrix. Hence the eigenvalues {λ1, . . . , λn} of
S(D) are all purely imaginary numbers, and the singular values of S(D) coincide with the absolute
values {|λ1|, . . . , |λn|} of its eigenvalues. Consequently, the energy of S(D), which is deﬁned as the
sum of its singular values [10], is also the sum of the absolute values of its eigenvalues. For the sake
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of convenience, we simply refer the energy of S(D) as the skew energy of the digraph D. If we denote
the skew energy of D by Es(D), then Es(D) = ∑ni=1|λi|. In this paper, we are interested in studying
properties of the skew energy of a digraph.
Ever since the concept of the energy of simple undirected graphs was introduced by Gutman in [5],
therehasbeenaconstant streamofpapersdevoted to this topic. Surveyofdevelopmentbefore2001can
be found in [6]. For recentdevelopment, onecanconsult [3]; and for the latestpapers, onemaycheck the
online bibliography being maintained by Gutman: http://www.sgt.pep.ufrj.br/home_arquivos/enerbib.
pdf. The energy of a graph has close links to chemistry (see, for instance, [7]). There are situations
when chemists use digraphs rather than graphs. One such situation is when vertices represent distinct
chemical species and arcs represent the direction in which a particular reaction takes place between
the two corresponding species. It is possible that the skew energy thatwe are considering in this paper
has similar applications in chemistry as well as in other areas. We mention that this paper deals only
with the mathematical aspects of skew energy of digraphs. It is worth mentioning that the energy of
a digraph means a totally different thing in the literature, see [11] for details.
The rest of the paper is organized as follows. In Section 2, we derive an upper bound for Es(D), and
digraphs attaining themaximum skew energy are constructed. Section 3 investigates the skew energy
of directed trees. Skew energies for directed cycles are computed in Section 4. Section 5 provides an
integral representation for skew energy. Finally, some open problems are presented in Section 6.
2. Basic properties of skew energy
We begin by computing the skew energy of two digraphs.
Example 2.1. Let D be the directed path on 4 vertices with the arc set {(1, 2), (2, 3), (3, 4)}. Then
S(D) =
⎡
⎣ 0 1 0 0−1 0 1 0
0 −1 0 1
0 0 −1 0
⎤
⎦. The characteristic polynomial of S(D) is λ4 + 3λ2 + 1, and hence the
eigenvalues of S(D) are i
√
5+1
2
, i
√
5−1
2
,−i
√
5+1
2
,−i
√
5−1
2
, and the skew energy of D is Es(D) = 2
√
5.
Example 2.2. Let D be the directed cycle on 4 vertices with the arc set {(1, 2), (2, 3), (4, 3), (4, 1)}.
Then S(D) =
⎡
⎣ 0 1 0 −1−1 0 1 0
0 −1 0 −1
1 0 1 0
⎤
⎦. The characteristic polynomial of S(D) is λ4 + 4λ2 + 4, and hence
the eigenvalues of S(D) are i
√
2, i
√
2,−i√2,−i√2, and the skew energy of D is Es(D) = 4
√
2.
Theorem 2.3. Let φ(D; λ) = c0λn + c1λn−1 + · · · + cn be the characteristic polynomial of S(D). Then
(i) c0 = 1, (ii) c1 = 0, (iii) c2 = m, the number of arcs of D, and (iv) ci = 0 for all odd i.
Proof. (i) It follows from the deﬁnition,φ(D; λ) = det(λI − S(D)), that c0 = 1. (ii) c1 = sumof deter-
minants of all 1 × 1 principal submatrices of S = trace of S = 0. (iii) c2 = sum of determinants of all
2 × 2 principal submatrices of S = ∑j<k det
[
0 sjk
skj 0
]
= ∑j<k − sjkskj = ∑j<ks2jk = m, the number
of arcs in D. (iv) Note that the determinant of a skew-symmetric matrix of odd order is zero. For odd
i, ci = sum of determinants of all the i × i principal submatrices of S(D) = 0 because a principal
submatrix of a skew-symmetric matrix is also skew-symmetric. 
Theorem 2.4. If λ1, . . . , λn are the eigenvalues of S(D), then (i)
∑n
i=1λ2i = −2m,
∑n
i=1|λi|2 = 2m, and
(ii) for 1 i n, |λi|, the maximum degree of the underlying undirected graph GD of D.
Proof. (i) We have
∑n
i=1λ2i = trace of S2 =
∑n
i=1
∑n
k=1sikski = −
∑n
i=1
∑n
k=1s2ik = −2m. Since S is
skew-symmetric, λ2i = −|λi|2 and so
∑n
i=1|λi|2 = 2m.
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(ii) For 1 i n, |λi| ρ(D) ||D|| = , whereρ(D) denotes the spectral radius of S(D), and || · ||
denotes the maximum row sum norm of a matrix. 
An upper bound for Es(D), similar to McClelland’s inequality [9] for graph energy, is given in the
next theorem.
Theorem 2.5.
√
2m + n(n − 1)p2/n  Es(D)
√
2mn n
√
, where p = | det S(D)| = ∏ni=1|λi|.
Proof. We have
[Es(D)]2 =
⎡
⎣ n∑
i=1
|λi|
⎤
⎦2 = n∑
i=1
|λi|2 +
∑
i /=j
|λi||λj| 2m + n(n − 1)p2/n,
the last inequality being a consequence of Theorem 2.4 and the AM-GM inequality (as in the case of
graph energy). On the other hand, Schwarz’s inequality applied to the Euclidean vectors (|λ1|, |λ2|,
. . . , |λn|) and (1, 1, . . . , 1), yields
Es(D) =
n∑
i=1
|λi|
√√√√ n∑
i=1
|λi|2
√
n = √2mn
√
(n)n = n√.  (2.1)
Corollary 2.6
Es(D) = n
√

if and only if S(D)T S(D) = In, where In is the identity matrix of order n.
Proof. Equality holds in (2.1) if and only if the Schwarz’s inequality becomes equality and 2m = n,
if and only if, there exists a constant α such that |λi|2 = α for all i and GD is a -regular graph, if and
only if, S(D)T S(D) = αI and α = . 
It follows from the proof above that if Es(D) = n
√
, then GD must be a-regular graph. A natural
question is: Which k-regular graphs on n vertices have orientations D with Es(D) = n
√
k, or equiva-
lently S(D)T S(D) = kIn? The answer depends on k. To avoid triviality, we assume k /= 0. It follows that
nmust be even; otherwise the skew-symmetric matrix S(D) of odd order has a zero eigenvalue and so
0 = det S(D)T det S(D) = det(S(D)T S(D)) = det(kIn) = kn /= 0, a contradiction. It is not hard to see
that a 1-regular graph on n vertices has an orientation with S(D)T S(D) = In if and only if n is even and
it is n
2
copies of K2.
Lemma 2.7. Let S(D) be a skew adjacency matrix of a digraph D. If S(D)T S(D) = kI then |N(u) ∩ N(v)|
is even for any two distinct vertices u and v of D where N(·) stands for the neighborhood of a vertex in D.
Proof. Let Su and Sv be the corresponding columns of u and v in the matrix S(D). Then the inner
product of Su and Sv is
∑
x∈N(u)∩N(v) Su[x] · Sv[x] where |Su[x]| = |Sv[x]| = 1 for all x ∈ N(u) ∩ N(v).
Since S(D)T S(D) = kI, we have∑x∈N(u)∩N(v) Su[x] · Sv[x] = 0. It follows that the number of positive
ones and negative ones must be equal in such sum, and so |N(u) ∩ N(v)| is even. 
If k = 2, then the 2-regular graph must be a union of cycles. Lemma 2.7 shows that these cycles
must be 4-cycles C4. Moreover C4 has an orientation (see Example 2.2) with S(D)
T S(D) = 2I4. Hence
a 2-regular graph on n-vertices has an orientation with S(D)T S(D) = 2In if and only if n is a multiple
of 4 and it is a union of n
4
copies of C4. For 3 k n − 1, it is not known as to which k-regular graphs
admit an orientation with S(D)T S(D) = kI.
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Lemma 2.8. If Kn has an orientation with S(D)
T S(D) = (n − 1)In, then n is a multiple of 4.
Proof. Wehave already observed that nmust be even, say, n = 2p. Note that if S(D)T S(D) = (n − 1)I,
then (QS(D)QT )T (QS(D)QT ) = (n − 1)I for any orthogonal matrix Q . Hence W.L.O.G we can assume
that the ﬁrst column of S(D) is [0,−1,−1, . . . ,−1, . . . ,−1]T , the second column is [1, 0, 1, . . . , 1,−1,
. . . ,−1]T , and the third column is [1,−1, 0, x1, . . . , xp−2, xp−1, . . . , x2p−3]T . The pairwise orthogonal-
ity of these columns implies that 1 − x1 − · · · − x2p−3 = 0 and1 + x1 + · · · + xp−2 − xp−1 − · · · −
x2p−3 = 0. It follows that x1 + · · · + xp−2 = 0. Since |xi| = 1, we have p − 2 is even. Consequently,
n = 2p is a multiple of 4. 
If k = n − 1 then any (n − 1)-regular graphmust be the complete graph Kn. Lemma 2.8 shows that
nmust be a multiple of 4.
Example 2.9. For n = 4, we have the 4 × 4 skew-symmetric matrix
S =
⎡
⎢⎢⎣
0 1 1 1
−1 0 1 −1
−1 −1 0 1
−1 1 −1 0
⎤
⎥⎥⎦
satisfying STS = 3I4.
Example 2.10. For n = 8, we have the 8 × 8 skew-symmetric matrix
S =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 1 1 1 1 1 1 1
−1 0 −1 −1 −1 1 1 1
−1 1 0 −1 1 −1 −1 1
−1 1 1 0 −1 −1 1 −1
−1 1 −1 1 0 1 −1 −1
−1 −1 1 1 −1 0 −1 1
−1 −1 1 −1 1 1 0 −1
−1 −1 −1 1 1 −1 1 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
satisfying STS = 7I8.
Examples 2.9 and2.10 temptus to conjecture thatnbeing amultiple of 4 is also a sufﬁcient condition
for Kn to have an orientation such that the resulting digraph D has the property that S(D)
T S(D) =
(n − 1)In. In the literature, such an S(D) is called a skew-symmetric conference matrix, which is
closely related to the famous Hardamard Matrix Conjecture [8]. All such digraphs (which are actually
tournaments of order n) attain the maximum skew energy.
Theorem 2.11. There exists an inﬁnite family of digraphs attaining maximum skew energy.
Proof. Let S1, S2, S3 be the skew-adjacency matrices of three digraphs D1, D2, and D3 of orders
n1, n2, n3 respectively having the maximum energies n1
√
k1, n2
√
k2 and n3
√
k3, respectively. Then
by Corollary 2.6, ST1S1 = k1In1 , ST2S2 = k2In2 , and ST3S3 = k3In3 . The Kronecker product matrix S1 ⊗
S2 ⊗ S3 is also skew-symmetric and of order n1n2n3. Since (S1 ⊗ S2 ⊗ S3)T (S1 ⊗ S2 ⊗ S3) = ST1S1 ⊗
ST2S2 ⊗ ST3S3 = k1In1 ⊗ k2In2 ⊗ k3In3 = k1k2k3In1n2n3 , it follows that thedigraphD1 ⊗ D2 ⊗ D3 which
has the skew-adjacency matrix S1 ⊗ S2 ⊗ S3 ([1,4]) has the maximum energy n1n2n3√k1k2k3. It is
clear that a similar result is true if we replace 3 by any odd positive integer. This way we get an inﬁnite
family of digraphs having maximum skew energy. (Examples 2.9 and 2.10 provide at least two base
digraphs for the iteration.) 
The natural question is: Are there other families? If so, what are they?
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We now show that the skew energy, if it is a rational number, must be an even positive integer. (For
a proof in the undirected case, using the concept of additive compounds, see [2]. Our proof applies
equally well for the undirected case.)
Theorem 2.12. The skew energy of a digraph, if it is a rational number, must be an even positive integer.
Proof. Let {iα1, . . . , iαr , iαr+1, . . . , iαn} be the eigenvalues of S(D). Then
trace of S(D) = 0 =
n∑
j=1
iαj ,
and hence
∑n
1αj = 0, where αj is real for each j. Let α1, . . . ,αr be positive and the rest of the αj ’s
non-positive. Then
Es(D) =
n∑
j=1
|iαj| =
n∑
j=1
|αj|
= (α1 + · · · + αr) − (αr+1 + · · · + αn) so that
Es(D) = 2 (α1 + · · · + αr) .
Since α1, . . . ,αr are algebraic integers, so is their sum. Hence (α1 + · · · + αn) must be a rational
integer if Es(D) is rational. 
We show that each even positive integer is indeed the skew energy of some digraph.
Theorem 2.13. Each even positive integer 2p is the skew energy of a directed star.
Proof. Let V(K1,n) = {v1, . . . , vn+1}. If vn+1 is the center of K1,n, orient all the edges toward vn+1. Then
S(K1,n) =
⎡
⎢⎢⎢⎣
0 0 . . . 0 1
0 0 . . . 0 1
...
...
. . .
...
...
−1 −1 . . . −1 0
⎤
⎥⎥⎥⎦ ,
and its eigenvalues are {i√n,−i√n; 0, 0, . . . , 0}, and so Es(K1,n) = 2√n. Now take n = p2. 
3. Skew energies of trees
We begin with a basic lemma.
Lemma 3.1. Let D be a digraph, and let D′ be the digraph obtained from D by reversing the orientations of
all the arcs incident with a particular vertex of D. Then Es(D) = Es(D′).
Proof. Let S(D) be the skew-adjacency matrix of D of order n with respect to a labeling of its vertex
set. Suppose the orientations of all the arcs incident at vertex vi of D are reversed. Let the resulting
digraph beD′. Then S(D′) = PiS(D)Pi where Pi is the diagonalmatrix obtained from the identitymatrix
of order n by changing the ith diagonal entry to −1. Hence S(D) and S(D′) are orthogonally similar,
and so have the same eigenvalues, and hence D and D′ have the same skew energy. 
Lemma 3.2. Let T be a labeled directed tree rooted at vertex v. It is possible, through reversing the orien-
tations of all arcs incident at some vertices other than v, to transform T to a directed tree T ′ in which the
orientations of all the arcs go from low labels to high labels.
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Proof. The proof is by induction on n, the order of the tree. For n = 2, there is only one arc and the
result is true. Assume that any labeled directed tree of order less than n can be transformed in the
manner described to a directed tree T ′ such that the orientations of all the arcs go from low labels to
high labels. Consider a labeled directed tree T of order n rooted at v. Let N(v) be the neighbor set of
v. For each w ∈ N(v), reverse the orientations of all the arcs incident at w, if necessary, so that the
orientation of the arc between v and w is from low to high labels. Now, by induction assumption, the
old-labeled new-oriented subtree Tw rooted atw ∈ N(v) can be transformed to a directed subtree T ′w
such that the orientations of all the arcs go from low labels to high labels. Now combine all the subtrees
T ′w and the root v to obtain the required tree T ′. 
We apply Lemmas 3.1 and 3.2 to show that the skew energy of a directed tree is independent of its
orientation.
Theorem 3.3. The skew energy of a directed tree is independent of its orientation.
Proof. Let T be a directed tree. Since the underlying graph is a tree, it is a bipartite graph, and hence
we can label T such that S(T) =
[
0 Y
−YT 0
]
. By Lemma 3.2, we can transform T to T ′ such that
S(T ′) =
[
0 X
−XT 0
]
, where X is nonnegative. By applying Lemma 3.1 repeatedly, we conclude that
S(T) and S(T ′) are orthogonally similar, and hence have the same eigenvalues and so the same energy.
Consequently, T has the same skew energy as the special directed tree T ′ in which the orientations of
all the arcs go from low labels to high labels. 
Corollary 3.4. The skew energy of a directed tree is the same as the energy of its underlying tree.
Proof. From the proof of Theorem 3.3, the skew energy of a directed tree is equal to the sum of the
singular values of
[
0 X
−XT 0
]
, where
[
0 X
XT 0
]
is the adjacencymatrix of the underlying tree. Note that
[
0 X
−XT 0
]
=
[
Ir 0
0 −In−r
] [
0 X
XT 0
]
,
and so the skew energy of a directed tree is the same as the energy of its underlying undirected
tree because the singular values of a real matrix are invariant under multiplication by an orthogonal
matrix. 
4. Computation of skew energies of cycles
In this section, we determine the skew energies of cycles under different orientations. For the sake
of comparison we also compute the energies of undirected cycles of the same order. Throughout this
section, we denote by Sp(A), the spectrum of A, namely, the set of all eigenvalues of A.
First we compute the energy of cycle Cn for different order n. Given a cycle Cn on n vertices, ﬁx a
vertex and label the vertices consecutively. Hence the adjacency matrix of Cn is
A =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 1 0 · · · 1
1 0 1 · · · 0
0 1 0 · · · 0
...
...
...
. . .
...
1 0 0 · · · 0
⎤
⎥⎥⎥⎥⎥⎥⎦
.
Note that A = Z + Zn−1 where
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Z =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 1 0 · · · 0
0 0 1 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
1 0 0 · · · 0
⎤
⎥⎥⎥⎥⎥⎥⎦
.
Since Zn = I, we have
Sp(Z) =
{
1,ω,ω2, . . . ,ωn−1
}
where ω = e 2π in
and so
Sp(A) =
{
ωj + ωj(n−1) : j = 0, 1, 2, . . . , n − 1
}
=
{
ωj + ω−j : j = 0, 1, 2, . . . , n − 1
}
=
{
2 cos
2jπ
n
: j = 0, 1, 2, . . . , n − 1
}
.
For n = 2k + 1,
E(Cn) =
n−1∑
j=0
2
∣∣∣∣cos 2jπ
n
∣∣∣∣
= 2 + 4
k∑
j=1
∣∣∣∣cos 2jπ
2k + 1
∣∣∣∣
= 2 + 4
k∑
j=1
cos
jπ
2k + 1
= 2 + 4
⎛
⎝ sin (2k+1)π2(2k+1)
2 sin π
2(2k+1)
− 1
2
⎞
⎠
= 2 csc π
2(2k + 1) = 2 csc
π
2n
.
For n = 4k,
E(Cn) =
n−1∑
j=0
2
∣∣∣∣cos 2jπ
n
∣∣∣∣
= 4 + 8
k−1∑
j=1
cos
jπ
2k
= 4 + 8
⎛
⎝ sin (2k−1)π4k
2 sin π
4k
− 1
2
⎞
⎠
= 4 cot π
4k
= 4 cot π
n
.
For n = 4k + 2,
E(Cn) =
n−1∑
j=0
2
∣∣∣∣cos 2jπ
n
∣∣∣∣
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= 4 + 8
k∑
j=1
cos
jπ
2k + 1
= 4 + 8
⎛
⎝ sin (2k+1)π2(2k+1)
2 sin π
4k+2
− 1
2
⎞
⎠
= 4 csc π
4k + 2 = 4 csc
π
n
.
In summary, we obtain the following known energy formula for cycles:
E(Cn) =
⎧⎪⎪⎨
⎪⎪⎩
4 cot π
n
if n ≡ 0 (mod 4),
4 csc π
n
if n ≡ 2 (mod 4),
2 csc π
2n
if n ≡ 1 (mod 2).
Next we compute the skew energy of cycle Cn for different order n and different orientations. Given
a directed cycle, ﬁx a vertex and label the vertices consecutively. Reversing the arcs incident at a vertex
if necessary, we obtain a new directed cycle with arcs going from low labels to high labels possibly
except one arc. Hence the skew-adjacencymatrix of the directed cycle is orthogonally similar to either
S+ or S−, where
S+ =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 1 0 · · · 1
−1 0 1 · · · 0
0 −1 0 · · · 0
...
...
...
. . .
...
−1 0 0 · · · 0
⎤
⎥⎥⎥⎥⎥⎥⎦
, S− =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 1 0 · · · −1
−1 0 1 · · · 0
0 −1 0 · · · 0
...
...
...
. . .
...
1 0 0 · · · 0
⎤
⎥⎥⎥⎥⎥⎥⎦
.
Let C+n be a directed cycle with skew-adjacency matrix S+, and C−n be a directed cycle with skew-
adjacency matrix S−. Consider
W =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 1 0 · · · 0
0 0 1 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
−1 0 0 · · · 0
⎤
⎥⎥⎥⎥⎥⎥⎦
.
Note thatWn = −I. Hence
Sp(W) =
{
β ,β3, . . . ,β2n−1
}
where β = e π in .
Now S+ = W + Wn−1. Hence
Sp(S+) =
{
β j + β j(n−1) : j = 1, 3, . . . , 2n − 1
}
.
For n =even,
Sp(S+) =
{
β + βn−1,β3 + βn−3, . . . ,βn−1 + βn−(n−1),
βn+1 + βn−(n+1), . . . ,β2n−1 + βn−(2n−1))
}
=
{
β − β−1,β3 − β3, . . . ,βn−1 − β−(n−1),−(β − β−1), . . . ,−(βn−1 − β−(n−1))
}
= 2i
{
sin
π
n
, sin
3π
n
, . . . , sin
(n − 1)π
n
,− sin π
n
, . . . ,− sin (n − 1)π
n
}
.
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Hence
Es(C+) = 4
(
sin
π
n
+ sin 3π
n
+ · · · + sin (n − 1)π
n
)
= 4 csc π
n
.
For n =odd,
Sp(S+) =
{
β + βn−1,β3 + βn−3, . . . ,βn + β0,βn+2 + β−2, . . . ,β2n−1 + β−(n−1))
}
=
{
β − β−1,β3 − β−3, . . . , 0,−β2 + β−2, . . . ,−βn−1 + β−(n−1))
}
= 2i
{
sin
π
n
, sin
3π
n
, . . . , sin
(n − 2)π
n
, 0,− sin 2π
n
,− sin 4π
n
, . . . ,− sin (n − 1)π
n
}
.
Hence
Es(C+) = 2
(
sin
π
n
+ sin 2π
n
+ sin 3π
n
+ · · · + sin (n − 1)π
n
)
= 2 cot π
2n
.
Now S− = Z − Zn−1 and so
Sp(S−) =
{
ωj − ωj(n−1) : j = 0, 1, . . . , n − 1
}
=
{
0,ω − ωn−1,ω2 − ωn−2, . . . ,ωn−1 − ωn−(n−1)
}
= i
{
sin
2jπ
n
− sin 2(n − j)π
n
: j = 0, 1, 2, . . . , n − 1
}
= 2i
{
sin
2jπ
n
: j = 0, 1, 2, . . . , n − 1
}
.
For n = odd,
Es(C−n ) = 2
n−1∑
j=1
∣∣∣∣sin 2jπ
n
∣∣∣∣
= 4
(n−1)/2∑
j=1
sin
2jπ
n
= 2 cot π
2n
.
For n = even,
Es(C−n ) = 2
n−1∑
j=1
∣∣∣∣sin 2jπ
n
∣∣∣∣
= 4
(n−2)/2∑
j=1
sin
2jπ
n
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= 4 cot π
n
.
In summary, we obtain the following skew energy formulas for directed cycles:
Es(C+n ) =
{
4 csc π
n
if n ≡ 0 (mod 2),
2 cot π
2n
if n ≡ 1 (mod 2).
Es(C−n ) =
{
4 cot π
n
if n ≡ 0 (mod 2),
2 cot π
2n
if n ≡ 1 (mod 2).
We observe that only in the case when n ≡ 0 (mod 4), the skew energy of the cycle C−n coincides
with the ordinary energy of Cn.
5. Integral representation for skew energy
We now present an integral representation for the skew energy of a digraph which enables one to
compute the skew energy without actually computing the eigenvalues. This is analogous to the case
of undirected graphs [7].
Letφs(D, λ) be the characteristic polynomial of S(D). Let iα1, iα2, . . . , iαn be the eigenvalues of S(D)
so that αj is real for each j and let φ
′
s(D, λ) be the derivative of φs(D, λ). Then
φ′s(D, λ)
φs(D, λ)
=
n∑
j=1
1
λ − iαj .
Changing λ to iλ in the last equation we obtain
iφ′s(D, iλ)
φs(D, iλ)
=
n∑
j=1
1
λ − αj . (1)
We have
|αj| = |αj| + i0 = 1
π
∫ ∞
−∞
α2j
α2j + λ2
dλ + i 1
π
∫ ∞
−∞
αjλ
λ2j + λ2
dλ
= 1
π
∫ ∞
−∞
α2j + iαjλ
α2j + λ2
dλ = 1
π
∫ ∞
−∞
(
1 − iλ
iλ − αj
)
dλ.
Thus
Es(D) =
n∑
j=1
|iαj| =
n∑
j=1
|αj| = 1
π
∫ ∞
−∞
n∑
j=1
(
1 − iλ
iλ − αj
)
dλ
= 1
π
∫ ∞
−∞
(
n − iλiφ
′
s(D,−λ)
φs(D,−λ)
)
dλ
= 1
π
∫ ∞
−∞
(
n + λφ
′
s(D,−λ)
φs(D,−λ)
)
dλ.
Example 5.1. Let D be the directed cycle in Example 2.2. The characteristic polynomial of S(D) is
λ4 + 4λ2 + 4, and hence
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Es(D) = 1
π
∫ ∞
−∞
(
4 + λ −4λ
3 − 8λ
λ4 + 4λ2 + 4
)
dλ
= 8
π
∫ ∞
−∞
1
λ2 + 2dλ = 4
√
2,
as noted already.
6. Open problems
We conclude this paper with some open problems.
(1) Determine the maximum skew energy of regular digraphs.
(2) The maximum skew energy that an n-vertex digraph can have is n
√
(n − 1). Determine the
extremal digraphs (which are in fact tournaments of order n).
(3) Interpret all the coefﬁcients of the characteristic polynomial of S(D) in terms of D.
(4) Find new families of digraphs Dwith Es(D) = E(GD).
(5) Determine the skew energy of the line digraph L(D) of a digraph D in terms of D (L(D) has Γ (D)
as its vertex set, and (e, f ) ∈ Γ (L(D)) iff e = (u, v) and f = (v, w) are adjacent arcs in D).
(6) Are there skew-symmetric conference matrices of order n ≡ 0 ( mod 4) other than those that
give the maximum energies of the corresponding digraphs?
(7) Is it possible to interpret skew energy in chemistry and other disciplines?
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